In this article, we construct the fuzzy (finite dimensional) analogues of the conifold Y 6 and its base X 5 . We show that fuzzy X
Introduction
The conifold Y 2n−2 is a (2n − 2) dimensional manifold embedded in a n-dimensional complex plane C n , with cone-like singularities at isolated point(s). In the neighbourhood of such a singularity, a conifold can be described by a quadratic in C n [1] :
Under the transformation z → Rz, R T R = 1, R ∈ SO(n), (1.3) the condition (1.1) is invariant. So Y 2n−2 is SO(n) symmetric. It also admits an additional U(1) symmetry z → e iλ z, λ ∈ R. Thus the symmetry group of this space is SO(n) × U (1).
The conifold Y 2n−2 has a (2n − 3)-dimensional compact manifold X 2n−3 as its base. X 2n−3 is the intersection of Y 2n−2 with S 2n−1 , the latter defined by z † z = fixed.
(1.4) Y 2n−2 is a cone over X 2n−3 . X 2n−3 is a compact Einstein manifold: (R ab ) X 2n−3 = (2n − 4) (g ab ) X 2n−3 while Y 2n−2 is Ricci flat [2] . Here we are interested in the n = 4 case. This space is important in the context of gauge-gravity duality (see [2] [3] [4] [5] [6] ).
For Y 6 , the symmetry group is SO(4) × U (1) ≃ SU (2) × SU (2) × U (1). The base X 5 has the topology of S 3 × S 2 and is in fact a U (1) bundle over S 2 × S 2 . X 5 belongs to the class of manifolds T p,q which have the topology of S 3 × S 2 , but different T p,q 's have different geometries.
In section 2 we review the conifold Y 6 and its base X 5 . We recall their geometric properties and the symmetries, especially those useful for our subsequent discussion.
In section 3 we show that X 5 is a principal U (1) bundle over S 2 × S 2 . A "Hopflike" map from X 5 → S 2 × S 2 can be written using the 4-dimensional representation of SU (2)×SU (2) . This U (1) bundle is nontrivial and corresponds to a magnetic monopole, while the associated line bundles describe nontrivial configurations of a complex scalar field on S 2 ×S 2 . In section 3.1 we show that these complex scalar fields can be naturally expanded in terms of the functions of SU (2) × SU (2). This is very useful as it makes subsequent fuzzification straightforward.
In section 4, we present this monopole as a Kaluza-Klein monopole in the spirit of [7] [8] [9] . The fact that the total space and the base space are both Einstein manifolds provides us with an interesting bound for the action of the gauge field.
Our intention is to extend this construction to fuzzy spaces. To write the fuzzy analogue, in section 5 we start by describing the fuzzy versions of the Y 6 and X 5 and then specify a Jordan-Schwinger map X 
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F is a noncommutative bundle over it. In section 5.2 we describe the fuzzification of section 3.1 (following [10, 11] ) to identify the associated complex line bundle. We end this section by illustrating our construction with simple examples. Section 6 deals with the spaces T p,q and their fuzzy analogues. After a brief review of continuum T p,q and its description as Hopf fibration, we obtain the monopole by Kaluza-Klein reduction. The fuzzification is again straightforward, which we show in section 6.1.
2 The Conifold Y 6 and Its Base X
The conifold Y 6 is a 6-dimensional manifold embedded in C 4 with 4 complex coordinates
It is a smooth manifold with conical singularity at a single point z α = 0 where the function O 0 (z α ) and its derivatives vanish:
This complex manifold Y 6 is the set of all lines in C 4 passing through origin and hence a cone with the double singular point z α = 0 as its apex.
The intersection of Y 6 with S 7 ∈ C 4 (z † z = R 2 ) is called X 5 , the base of the conifold. For R =constant > 0, X 5 is void of any singularity and is a smooth 5-dimensional manifold. It can be described in terms of four complex numbers obeying
In the fundamental representation, these are 4 × 4 hermitian matrices 
decompose the Lie algebra of SO(4) into two disjoint SU (2) algebras
In the fundamental representation, the relation of SO(4) with the SU (2)'s becomes more apparent with the unitary transformation
This preserves the decomposition (3.6)
With A i and B i we can define a map Π :
and i = 1, 2, 3. ω i and y i are real:
If z α ∈ X 5 , then O 4 = 0 and R = 1 and (3.9) reduces to the constraints
This space is S 2 × S 2 : the radius of each S 2 is 1 2 and (3.8) is a map Π :
As is obvious from (2.3), X 5 has a U (1) symmetry z → e iλ z. The map (3.8) is also invariant under the same transformation. Using (2.9) in (3.8), we see that S 2 × S 2 has coordinates
This parametrization is independent of the angle ψ. This means (3.8) is a map of circles e iψ on X 5 to points on S 2 × S 2 . Thus X 5 is a principal U (1) bundle over S 2 × S 2 , and the map Π gives the fibration
The U (1) gauge symmetry leads to monopoles on S 2 × S 2 .
Monopoles on S
It is useful to explicitly write down the coordinate charts that will be used on S 2 × S 2 . The set of complex functions
is well-defined on S 2 × S 2 except at two isolated points θ 1 = π and θ 2 = π, the south poles of the 2-spheres. We denote this coordinate chart as U N N . It is easy to see that (3.13) is obtained by choosing ψ = 0 in the parametrization (2.9). The coordinate chart U SS which includes the south poles θ 1 = π and θ 2 = π can be obtained by putting
These functions are well-defined at all points on S 2 × S 2 except at the north poles (θ 1 = 0 and θ 2 = 0). On the overlapping region
The other two charts U N S and U SN can be obtained by putting ψ = −ξ 1 and ψ = −ξ 2 respectively in (2.9). In the overlapping regions,
where
The phase e iκ(ξ1+ξ2) in the above equation can be identified as the gauge transformation relating Φ N N to Φ SS . This gauge transformation arises from a gauge field A µ with 20) and
where G = e iκ(ξ1+ξ2) and µ = θ 1 , ξ 1 , θ 2 , ξ 2 . We can explicitly compute A µ :
The connection one-forms are
In the overlapping region S
S , they are related as
where κ is integer. By similar arguments, we can show that
and in the overlapping regions they are related as
We denote the space of the complex scalar fields (with κ = fixed) as H κ . Any element Φ of H κ is an eigenfunction of the operator K 0 :
The differential operators W i and Y i defined as 
Below we construct the basis functions explicitly, which will give us the allowed values of j.
The function f = Nlñzl 1 zñ 4 with (l −ñ) = κ = fixed, satisfies the following relations
So f is the highest weight vector of the two SU (2)'s generated by W i and Y i in the irreducible representation with j =l +ñ 2 . From this starting point, we can generate the other basis vectors which span H κ . Denoting this f as Φ j,j κ,j , the other basis vectors can be obtained by repeated application of
In the above, q j,m ′ κm are constants. Asñ andl are arbitrary positive integers satisfyingñ −l = κ, the allowed values of j are
So H κ is spanned by the basis
and an arbitrary element Φ of H κ can be expressed as
These Φ's are thus the sections of the U (1) fibre bundle with the topological charge κ.
Interestingly, the principal fibre bundle of the previous discussion can be obtained by the Kaluza-Klein reduction of the metric on X 5 . The metric (2.11) can be written as ds where
and is a solution of the Einstein equations with a positive cosmological constant. The metric (4.1) already has the convenient Kaluza-Klein form
with one extra compact dimension ψ and the dilaton g set to Inspecting (4.1) immediately tells us that the gauge fields on this local patch are
and A SS µ are related by the gauge transformation
where G = e i(ξ1+ξ2) ∈ U (1). This is a version of the Kaluza-Klein monopole [7] [8] [9] . Notice that the metric on X 5 is in the K-K form. forces the gauge fields to satisfy
Moreover as M d is compact, (4.9) implies that the electromagnetic action
is finite. From the metric (4.1) on X 5 we get
So (4.10) is satisfied. F µν can be computed explicitly from (4.5):
This leads to
which is in accordance to (4.9) and the electromagnetic action is
(4.15)
Fuzzy Fibre Bundle
In the spirit of [10, 11] , we want to describe the fuzzy conifold Y 6 F and its monopole bundles. Here we will not attempt to provide a mathematically precise definition of a fuzzy space, as universally acceptable definition of a fuzzy space does not seem to exist in the known literature. We are interested in only a specific class of fuzzy spaces and to deal with such spaces, we will state "working definitions" wherever necessary.
Many fuzzy spaces have a description in terms of bosonic oscillatorsâ α ,â † α (or more precisely, specific operator functions ofâ α ,â † α ). For example, the quantized ndimensional complex plane C n F is represented by n independent bosonic oscillators , CP n F etc. [14] [15] [16] . On these spaces the discrete analogue of the classical objects like instantons, solitons, monopoles and the like are of interest (for example see [17] [18] [19] [20] [21] [22] [23] [24] ).
The spaces of our interest are the fuzzy conifold Y . This is the fuzzy analogue of the map (3.8). On these fuzzy spaces, the standard differential geometric tools are unavailable. Nevertheless some topological information can be extracted indirectly by studying the complex line bundles, in particular by using the group action of SU (2) [10, 11] . We will adapt this technique to describe the fuzzy fibration X which act on a space F spanned by the eigenstates of the number operatorsN α ≡â † αâ α :
The total number operator isN
In analogy with (2.1) let us define the operatorÔ 4 aŝ
which has as its kernel ker(Ô 4 ) = |n 1 , n 2 , n 3 , n 4 :Ô|n 1 , n 2 , n 3 , n 4 = 0 .
The usual conifold (2.1) is defined by the commutative algebra of polynomial functions of z α , subject to the condition z 1 z 4 − z 2 z 3 = 0. To get the noncommutative analogue of the conifold let us recall the argument we gave in [11] . The algebra of the polynomial functions ofâ α , subject to the conditionâ 1â4 −â 2â3 = 0 as it stands is a commutative algebra. However theâ α 's are infinite dimensional operators and under the * -operation (where (â α ) * ≡â † α ) this algebra as a star algebra is noncommutative. Therefore we interpret the conditionâ 1â4 −â 2â3 = 0 as a constraint on the set of admissible states in the bosonic Hilbert space of theâ α 's.
Thus our operational definition of the fuzzy conifold Y
6
F is the restriction of the action of the operatorsâ α (and polynomial operator functions ofâ α ) to ker(Ô 4 ). Defining a fuzzy space by such a restriction is not new (for example see [11, 14] ).
It is easy to see why this definition of Y 6 F is appropriate. Let |z 1 , z 2 , z 3 , z 4 be the standard coherent states of 4-dimensional oscillator
This implies that if the coherent state |z 1 , z 2 , z 3 , z 4 ∈ ker(Ô 4 ), the complex numbers z α satisfy (2.1). Let us defineχ Using the matrices (3.7), the fuzzy analogue of the map (3.8) iŝ
S
This preserves the Lie algebra of the matrices A i and B i :
The above algebraic structure is that of SU (2) × SU (2) and the Casimirs arê
Those representations of SU (2) × SU (2) which have the same value for the Casimirs are sometimes denoted by SU (2) ⋆ SU (2) [25] , with the Casimirs denoted by a single operatorĈ
AsL i andŜ i commute withN , it is easy to see that
15)
In ker(Ô 4 ),
This is the fuzzy analogue of (3.9) and (3.10).
It is convenient to decompose F into subspaces F n in whichN takes a fixed value n:
F n = {|n 1 , n 2 , n 3 , n 4 :
The dimension of F n (number of states) is
LetF n be the subspace of F n defined as
Thus the algebra generated by theω i 's andŷ i 's restricted toF n is that of S So there are (2j + 1) × (2j + 1) states and hence the dimension p n ofF n is
We will exploit the group theoretic properties of SU (2) ⋆ SU (2) to characterize the fuzzy fibre bundle. The strategy here is the same as in [10, 11] . Let H nl be the space of linear operators which mapF n toF l :
These operatorsΦ are represented by (l + 1) 2 × (n + 1) 2 rectangular matrices.
In particular, H nn are (n + 1) 2 2 dimensional noncommutative algebras A n . In H nn , the two SU (2) rotations are generated by the adjoint action of L (n) i and S
The operatorsŴ i andŶ i satisfy
are the restriction of the operatorsL i andŜ i in the subspaceF n . AsF n is the carrier space of (n + 1)
2 -dimensional UIR of the SU (2) ⋆ SU (2), the matricesL
are (n + 1) 2 × (n + 1) 2 matrices. The space H nl is a noncommutative bimodule: it is a left A l -module and a right A n -module. In the bimodule H nl ,Ŵ i andŶ i act aŝ
The adjoint operatorsŴ i andŶ i also generate a SU (2) ⋆ SU (2). The SU (2) generated byŴ i is a reducible representation which is a direct product of two irreducible representations l 2 ⊗ n 2 . Similarly the SU (2) generated byŶ i also corresponds to the direct product l 2 ⊗ n 2 . Thus the elements of H nl can be expanded in terms of the eigenfunctions ofŴ 2 ,Ŵ 3 andŶ 3 belonging to the irreducible decomposition of
H nl is spanned by the operatorsΦ j J,κ,m which satisfŷ
We will specify the allowed values of j in the following discussion. The operatorf =Ñlñ(â † 1 )l(â 4 )ñ (whereÑlñ is a constant) is an element of H nl if 0 ≤ñ ≤ n andl −ñ = l − n = κ. It is easy to see that the operatorf satisfieŝ
Sof is the highest weight vector for both the SU (2)'s in the representation with j =l +ñ 2 . We will denote this highest weight vector byΦ
where N j,j J,κ,j is a constant. All the lower weight vectors can be generated by the action of W − and Y − onΦ
Asñ takes all integer values from 0 to n, j takes values
The number of linearly independent operators which spans the space H nl is The topological charge operator is defined aŝ
which satisfies
An elementΦ ∈ H nl is also an eigenfunction ofK 0 :
where κ takes integer values. Thus the operatorsΦ ∈ H nl are identified as the noncommutative analogue of the sections of the complex line bundle with topological charge κ.
Illustrations
Let us illustrate the above result in some simple cases. Consider the space of linear operators H 12 which mapF 1 →F 2 . In this case, . The space H 12 is spanned by operators which are generated by the technique described in the previous subsection:
where the various operators in the grid are
For simplicity of presentation, we have omitted the normalizations in the definition of the vectors in the above diagram. The Einstein condition (6.3) enforces that c 1 , c 2 , c 3 , p and q must satisfy The manifolds T p,q are U (1) fibre bundles over S 2 × S 2 for integer values of p and q. The S 2 × S 2 is given by respectively and correspond to the Chern numbers of the principal bundle specified by (p, q).
For p = q = 1, we get c where K 0 is given in (3.29) . This is a principal bundle with Chern numbers (1, 1) . The line bundles associated with this principal bundle have charge (κ, κ). For p = 1, q = 0, we get c The first term in (6.7) is the metric on S 3 of radius R = Under the coordinate re-labeling Though both T 1,0 and T 1,1 are topologically S 3 × S 2 , they are different geometries.
U(1) , whereas for X 5 , the U (1) is quotiented "democratically" from each of the SU (2)'s:
We can compare the volumes of these two spaces:
Thus there is no diffeo which takes us from one to the other. Moreover, the metric (2.5) is compatible with the Kähler structure of the cone Y 6 but the metric (6.7) is not. Nevertheless, both X 5 and S 3 × S 2 are U (1) fibre bundles over S 2 × S 2 . We will describe the above principal bundle using Hopf fibration as their fuzzification is transparent in this language. We have already discussed T 1,1 in the previous sections. Below we discuss T 1,0 .
Embedded in C 4 , the S 3 × S 2 is described by
14)
The fibration from S 3 × S 2 to S 2 × S 2 is given by
with
The S 2 × S 2 is parametrized by angular variables in the metric (6.7): (θ 1 , ξ 1 ) describes the S 2 generated by y i while (θ 2 , ξ 2 ) describes the S 2 generated by w i . The U (1) fibre is described by the angular coordinate ψ.
The metric (6.10) is of the Kaluza-Klein form (4.3) with the dilaton g set 1. The metric on the base S 2 × S is not an Einstein metric but the metric (6.10) is Einstein. The gauge fields in this case are
The charge operators in this case are
The principal bundle has charge (1,0) and the higher charge bundles have charge (κ, 0).
In the fuzzy case too, we can get S The space G n s is the carrier space of (n + 1)-dimensional representation of the SU (2) generated byŜ i 's.
Next we proceed in a similar way as we did for the case of X whereK 0 is given by (5.37). In this case the fuzzy bundle is characterized by the pair (κ, κ).
